Abstract. Let p be a prime integer and Zp be the ring of p-adic integers. By a purely computational approach we prove that each nonzero normal element of a completed group algebra over the special linear group SL 3 (Zp) is a unit. This give a positive answer to an open question in [18] and make up for an earlier mistake in [17] simultaneously.
Introduction
Let p be a prime integer, and let Z p denote the ring of p-adic integers. A group G is compact p-adic analytic if it is a topological group which has the structure of a p-adic analytic manifold -that is, it has an atlas of open subsets of Z n p , for some n ≥ 0. Such groups can be characterized in a more intrinsic way. A topological group G is compact p-adic analytic if and only if G is a closed subgroup of the general linear group GL n (Z p ) for some n ≥ 1. In this paper we will consider the so-called completed group algebras of G
where the inverse limit is taken over the open normal subgroups N of G. Closely related to Λ G is its epimorphic image Ω G , which is defined as
where F p is the finite field of p elements. These algebras with topological setting were defined and studied by Lazard in his seminal paper [9] at first. They are complete semilocal noetherian rings, which are in general noncommutative. Under the name of Iwasawa algebras, these algebras are well-established and have an increasing interest to number theorists, because of their connections with number theory and arithmetic algebraic geometry. On the other hand, it seems that explicit description, by generators and relations, of these algebras themselves and its ideals were inaccessible. However, Serre's presentation of semi-simple algebras and Steinberg's presentation of Chevalley groups [15, 16] make us believe that the objects coming from semi-simple split groups have explicit presentation. Indeed, for any odd prime p, Clozel in his paper [1] gives explicit presentations for the afore-mentioned two completed group algebra over the first congruence subgroup of SL 2 (Z p ), which is Γ 1 (SL 2 (Z p )) = ker(SL 2 (Z p ) −→ SL 2 (F p )). More recently, Ray [11, 12] extended Clozel's work to the cases of semi-simple, simply connected Chevalley groups over Z p and pro-p Iwahori subgroups of GL n (Z p ). For completed group algebras or general noetherian algebras, we quite often focus on its two-sided ideals, especially its prime ideals. Unfortunately, no much more information is provided with the ideal structure of noncommutative completed group algebras. Although we have noted that central elements of G and closed normal subgroups give rise to ideals, the lack of examples with respect to ideals make us embarrass and is the most pressing problem in this topic. One natural question is: is there a mechanism for constructing ideals of completed group algebras which involves neither central elements nor closed normal subgroups ? Recall that a uniform pro-p group G is almost simple provided its Lie algebra has no non-trivial ideals . This is equivalent to saying that every non-trivial closed normal subgroup of G is open. In [8] , M. Harris claimed that, for an almost simple uniform pro-p group G, any closed subgroup H of G with 2 dim H > dim G gives rise to a non-zero twosided ideal in Ω G , namely the annihilator of the "Verma module" constructed by induction from the simple Ω H -module. Unfortunately, Jordan Ellenberg observed that the proof of the main theorem of [8] contains a gap. We remind the reader that r ∈ Ω G is normal if rΩ G = Ω G r. Another closely related question is: For an almost simple uniform pro-p group G, with G ≇ Z p , must any nonzero normal element of Ω G be a unit? It was well-known that normal elements of associative algebras are closely related to their ideals, especially their reflexive ideals. By a purely computational approach, we prove that each nonzero normal element of the completed group algebra Ω G over Γ 1 (SL 2 (Z p )) is a unit, see [17, Theorem 9] . It is natural to describe the normal elements of the completed group algebras over the special linear groups SL 3 (Z p ) and SL n (Z p ). It is so pity that the proof of [17, Theorem 9] works at this point only for G = Γ 1 (SL 2 (Z p )) and for Ω G . We are sincerely grateful to Professor Dan Segal and Professor Stuart Mrgolis for drawing our attention to an error in [17] . They inform us that similar statements for the completed group algebras of the first congruence subgroups Γ 1 (SL 3 (Z p )) and Γ 1 (SL n (Z p )) can not be achieved by analogous proofs of [17, Theorem 9] . In this situation, we must change the two statements- [17, Theorems 13 and 14] -into two open questions in [18] .
The purpose of this paper is to describe the normal elements of completed group algebras over the special linear groups SL 3 (Z p ) by a purely computational method. Although we utilize some ideas of [17] , the adopted computational method in the current work is rather different from the original one. We adjust and modify the original computational method considerably, see Claim 10 and Claim 11 of [17] , and Claim 4.2 and 4.3 of the current work. It turns out that that each nonzero normal element of the completed group algebra Ω G over the first congruence subgroup G = Γ 1 (SL 3 (Z p )) is a unit. This explicitly give a positive answer to the open question in [18, Question 0.1] and also make up for an earlier mistake in [17, Theorem 13] .
The organization of this paper is as follows. After Introduction, we first recall some basic facts concerning p-adic analytic groups SL n (Z p ) and its completed group algebras Ω G in the Preliminaries. Section 3 is contributed to complicated computations of Lie brackets of topological generators of the completed group algebra Ω G over G = SL 3 (Z p ). The proof of our main theorem (Theorem 4.1) is given in Section 4. Some potential topics for further research are proposed in the last section.
Preliminaries
Let n, t be positive integers. The t-th congruence subgroup in SL n (Z p ) is the kernel of the canonical epimorphism from SL n (Z p ) to SL n (Z p /p t Z p ). As usual, we denote it by Γ t (SL n (Z p )). It is easy to verify that Γ t (SL n (Z p )) is a compact p-adic analytic group. In the current work, we mainly investigate the completed group algebra Ω G of the first congruence subgroup G = Γ 1 (SL n (Z p )) in SL n (Z p ) . We can fix a topological generating set for G as follows:
(1) Type of upper triangular matrix
where the entry of x ij in the i-th row and j-th column is p.
(2) Type of diagonal matrix
where the entry of x iijj in the i-th row and i-th column is 1 + p and the entry of x iijj in the j-th row and j-th column is (1 + p) −1 . (3) Type of lower triangular matrix
It is not difficult to verify that the number of topological generators for G = Γ 1 (SL n (Z p )) is n 2 − 1. When certain complicated computations are involved, the type and number of topological generators will be useful. It follows from the discussion of [6, §7.1] that the ordinary group algebra F p [G] can embed into Ω G . For i = 1, 2, · · · n, j = 1, 2, · · · , n, let us set
) is a (n 2 −1)-tuple of nonnegative integers, we define
It should be remarked that the expressions of these monomials depend on our choice of ordering of the y ij 's(i < j), y iijj 's(i = j − 1) , y ij 's(i > j), because Ω G is noncommutative unless G is abelian. The following result shows that Ω G is a "noncommutative formal power series ring". where r α ∈ F p for all α ∈ N n 2 −1 .
As a direct consequence of this result we have Corollary 2.2. The Jacobson radical J of Ω G is equal to
Theorem 2.1 implies that the monomials {y α : α ∈ N n 2 −1 } form a topological basis for Ω G and is thus analogous to the classical Poincaré-Birkhoff-Witt theorem for Lie algebras g over a field k which gives a vector space basis for the enveloping algebra U(g) in terms of monomials in a fixed basis for g [5] . Some explicit computations in Ω G are much more difficult than those in U(g), which will be seen in the sequel.
Lie Brackets of Generators of the Completed Group Algebra
We shall consider the normal elements of the completed group algebra Ω G with G = Γ 1 (SL 3 (Z p )). For this we need to discuss the Lie bracket of generators for the ordinary group algebra F p [G] . Although part of them have been presented in [17] , it is indispensable for our later discussion. Now we briefly sketch the relevant contents for the convenience of the reader.
Theorem 3.1. Let p be an odd prime number and 
Applying triangular decomposition formula to the matrix in (3.6) yields
We should note that
It follows from the properties of p-adic integers that there exists one element β such that
where
. According to the expansion formula of (1 + p r+s+2 ) −1 , we can compute all β k . For instance, Note that 
Main Result and Its Proof
In this section, we will state and prove our main result. Let us recall that r ∈ Ω G is normal if rΩ G = Ω G r. Our purpose in this section is to study the normal elements of the completed group algebra over G = Γ 1 (SL 3 (Z p )).
For the remainder of this section, we fix the following notations: For a vector α = (α 1 , α 2 , · · · , α n ) of integers and any n-tuple y = (y 1 , y 2 , · · · , y n ), we write
n . The first main result can now be stated: SL 3 (Z p )) and Ω G be its completed group algebra over the field F p . Then there are no nontrivial normal elements in Ω G .
Proof. Suppose that W is a nontrivial normal element of Ω G and W is of the form
s is a common divisor of the elements of each α in w d , a α = 0 }, which will be frequently invoked in the sequel. Since W is a normal element, there exists an element δ k (r) ∈ Ω G such that
For a further discussion of (4.1), we define
So we get to divide the proof of the theorem into two cases: s = s m and s < s m . Case 1. s = s m . In this case, by (4.1) we get 
where 
where i 1 , i 2 , · · · , i 8 are not all zero. Let us write
For convenience, we denote the index of w d by d(W ). Let us write W = W 0 and
It is easy to verfiy that
where w 1d is the first homogeneous polynomial satisfying the condition s(W 1 ) = s m −1 in W 1 . We set W 2 = W 1 (1−u ′ ). It is also easy to check that W 2 ∈ N (w m ) and d(W 1 ) < d(W 2 ). Repeating this process continuously, we finally construct an infinite sequence of normal elements
Let us set lim n→∞ W n = V . Then V is a normal element with the form
where v m = w m . It follows that s(V ) > s m−1 , a contradiction. This shows that W is not a nontrivial normal element of Ω G under the case of s < s m .
Remark 4.5. We would like to point out that the current computational method can be used to discuss the normal elements of the completed group algebra Ω G over G = Γ 1 (SL 2 (Z p )). Conversely, the adopted method of [17] can not be adapted to the current situation. One distinguished difference can be observed by comparing the proof of Claim 4.3 with that of Claim 11 of [17] .
Topics for Further Research
As you known, the main purpose of the current article is to study normal elements of a completed group algebra over the special linear group SL 3 (Z p ). Those analogous questions on completed group algebras defined over other p-adic groups also have great interest and draw more people's attention. In this section, we will present several potential topics for future further research. Motivated by our current work, Clozel's systematic work [1, 2, 3 ] and Ray's papers [11, 12] , it is natural to propose several questions in this line.
For a few small p, there are some extra difficulties and challenges to compute normal elements of completed group algebras over SL n (Z p ). For example, in the case of p = 2, G = Γ 1 (SL 2 (Z p )) will have p-torsion and thus its completed group algebra is not an integral domain which prevents one from using deep results of Lazard [9] . Although we exclude these primes from consideration in the stage, we strongly believe that we should say much more about the normal elements and ideals of the completed group algebra Ω G .
Question 5.1. Let G = Γ 1 (SL n (Z 2 )) be the first congruence kernel of SL n (Z 2 ) and Ω G be its completed group algebra over F p . Are there any non-trivial normal elements Ω G ?
One much more common question is as the following: Question 5.2. Let G = Γ 1 (SL n (Z p ))(n > 3) and Ω G be its completed group algebra over F p . Are there any non-trivial normal elements in Ω G ? Question 5.2 will involve rather complicated and tedious computations. In particular, when p is a divisor of n, we have not found a reasonable approach to this question.
Let G be a semi-simple, simply connected Chevalley group over Z p and G(Z p ) be its Z p -points. Under a faithful representation of group schemes ρ : G ֒→ GL n over Z, one can define, for each k ∈ N, Γ(k) := ker(GL n (Z p ) −→ GL n (Z p /p k Z p )) (the Z-structure on GL n being given by V Z ) and G(k) := G(Z p ) ∩ Γ(k). Then G(k) is called the k-th congruence kernel of G(Z p ) which satisfies a descending filtration G(1) ⊇ G(2) ⊇ G(3) ⊇ · · · . Ray [11] give an explicit presentation (by generators and relations) of the completed group algebra for the first congruence kernel of a semi-simple, simply connected Chevalley group over Z p , extending the proof given by Clozel for the group Γ 1 (SL 2 (Z p )), the first congruence kernel of SL 2 (Z p ) for primes p > 2. This immediately gives rise to the following question.
Question 5.3. Let G be a semi-simple, simply connected Chevalley group over Z p , G(1) be the first congruence kernel of G(Z p ) and Ω G(1) be its completed group algebra over F p . Are there any non-trivial normal elements in Ω G(1) ?
For a prime p > n + 1, Ray [12] determine explicitly the presentation in the form of generators and relations of the completed group algebras Λ G and Ω G over the pro-p Iwahori subgroup G of GL n (Z p ). Let G be the pro-p Iwahori subgroup of GL n (Z p ), i.e. G is the group of matrices in GL n (Z p ) which are upper unipotent modulo the maximal ideal pZ p of Z p . It is natural to form the following conjecture.
Question 5.4. Let G be the pro-p Iwahori subgroup of GL n (Z p ) and Ω G be its completed group algebra over F p . Are there any non-trivial normal elements in Ω G ?
